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Abstract. In this work, we propose a novel resid-
ual based data driven closure strategy for reduced-
order models (ROMs) of under-resolved, convection-
dominated flows. The proposed closure model is de-
veloped within a variational multiscale (VMS) framework,
leveraging available full order model (FOM) data and an
ansatz that explicitly depends on the ROM residual. We
emphasize that this approach is fundamentally different
from existing data driven ROM closure models, which
typically rely on the ROM coefficients as inputs. In con-
trast, the proposed residual based method utilizes the
ROM residual to account for the effects of unresolved
scales. We assess the performance of the proposed
residual-based data-driven VMS-ROM in the numerical
simulation of two-dimensional flow past a cylinder at
Reynolds number Re = 1000. The results demonstrate
that the proposed method yields significantly improved
accuracy compared to standard coefficient based data
driven VMS-ROM approaches.

Introduction

We consider the Navier-Stokes equations (NSE) (1)-(2)
as the mathematical model:
du 1
E—Re Au+u-Vu+Vp=0, (1)
V-u=0, (2)

where u denotes the velocity field, p the pressure,
and Re the Reynolds number. Homogeneous Dirichlet
boundary conditions are imposed.

To construct reduced order models (ROMs), we use
the proper orthogonal decomposition (POD) to generate
the ROM basis functions and associated operators. Ow-
ing to the orthogonality of the POD modes, the ROM
space can be decomposed into large-scale and sub-scale
components:

X =x'p xS, (3)
where

Xd = Span{(pl"”v(pd}:
Xt :=span{@,,...,0,},
x5 = span{(PLHw-a‘Pd}'

Using all d modes, the ROM approximation

M=

Ug =

(aq);@; “4)
1

J

provides the most accurate representation of the full or-
der model (FOM) solution in the POD sense.

For laminar flows, a low dimensional approximation
ur, with L < d, is typically sufficient to accurately rep-
resent the FOM solution. In this regime, the standard
Galerkin ROM (G-ROM) is given by

ap =ArpLap+aj Brpar, )

where (Azp)ij = —V(VQ;,VQ;), (Brrr)ijk = — (9, 9;-
Vo,),foralli,jk=1,...,L.

The G-ROM system (5) is derived by substituting u;,
into the NSE (1)-(2) and projecting the resulting equa-
tions onto the large-scale ROM space X*.
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However, for turbulent flows, the low dimensional
G-ROM solution uy, is generally insufficient to accu-
rately approximate the FOM solution. To alleviate this
inaccurate behavior, standard ROMs are typically aug-
mented with numerical stabilization techniques or ROM
closure models, which aim to account for the effects of
unresolved scales [2, 3, 4, 5, 6].

1 ROM Closure Models

ROM closure modeling aims to approximate the closure
term arising in a variational multiscale (VMS) frame-
work [2, 3]. To construct this closure term, we first de-
compose the most accurate ROM solution u; into large
and sub-scale components:

L d
uL =Y (aw); ;, us:= Y (as);j@;. (6
= J=Lt1

Next, we derive the governing equations for the
large and sub-scales. To this end, we substitute u =
ug = up + ug into (1)—(2) and project the resulting sys-
tem onto the ROM spaces X and X5, respectively. This
yields the following coupled system:

. T T
ar, =Arprar +Arsas+a; Brirarp +ap Brsas
T T
+ag Brspar +ag By ssas, (7a)
. T T
as = Assas +Asray +ag Bsssas +ag Bsspar,

+aj Bsrsas +aj Bsprar. (7b)

Here, the matrices A;; and tensors Bjjg, with indices
I,J,K € {L,S}, are defined by

(A1)ij = —Re‘l(V(p,I-,V(pj),
(Bu)ij = —(9!, (Pf Voy),

where ¢* := {@,...,¢,} and ¢° := {@;.1,..., 94}
denote the large-scale and sub-scale ROM basis func-

tions, respectively. The subscript indices /,J, K indicate
which ROM subspace each basis function belongs to,
making the coupling structure between large and sub-
scales explicit.

In this work, we consider two distinct ROM closure
strategies, leading to two different models: the coeffi-
cient based data driven variational multiscale ROM (C-
ROM) and the residual based data driven variational
multiscale ROM (R-ROM).

T o [

2 Basis of ROM Closure Models

2.1 Coefficient based ROM (C-ROM)

The coefficient-based ROM, C-ROM, [2, 3] is derived
from the large-scale equation (7a) by introducing a clo-
sure model and a corresponding ansatz. Since the clo-
sure term is not available in closed form, we approxi-
mate it using a quadratic, coefficient-based ansatz that
depends on the large-scale coefficients ay :

closure = A;gag + aZBLLSaS + aSTBLSLaL + a_—grBLssas,

ansatz = gLL ar +aLT ELLL ar. (8)

2.2 Residual based ROM (R-ROM)

In the proposed residual-based ROM, R-ROM, the clo-
sure modeling is constructed using information from
the sub-scale equation (7b). In this case, the closure

term and the corresponding residual-based ansatz are
defined as:

closure = ag,

ansatz = ;{SS Resg(ar) + Resg (ClL)T ESSS Resg(ayr),

)
where the sub-scale residual is given by

Resg(az) := Aszar +aj Bsyrar. (10)

2.3 Minimization Problem: Optimal Data
Driven Operators

To identify the unknown operators AVLL, Avss, ELLL, and
Esss, we employ a data-driven (D2) approach [2, 3].
These operators are obtained by solving the following
least-squares minimization problem:

M
. 1 FOM) _ t FOM 2 .
Dz(l)gelgmrs ;HC osure(a; ) — ansatz(a; )HL2
(1)

Using the respective closure terms and ansatz for
the C-ROM and R-ROM, we solve (11) to obtain the
corresponding D2 operators. Substituting the resulting
ansatz into the large-scale equation (7a), the C-ROM
reads

ap = (ALL +ZLL> ap+a; <BLLL +§LLL) a, (12)
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while the R-ROM is given by

. T ~ T ~
ap, =Aprar+a; Brppar +Apsas+ap Brrsas

+ag Brsp a +ag Brss ds, (13)

where the approximated sub-scale coefficients are com-
puted as

ds := AssResg(az) + Ress(ar) " BsssResg(az). (14)

3 Numerical Results

We investigate the numerical accuracy of the G-ROM,
C-ROM, and R-ROM for 2D channel flow past a cir-
cular cylinder at Re = 1000 in the predictive regime:
the ROM basis and operators are built from FOM snap-
shots over r € [13,16], the data-driven operators are
trained over ¢ € [13,13.134], and all ROMs are tested
overt € [16,23], with d = 22.

In addition to the ROM accuracy, we investigate the
consistency between the closure term and the ansatz for
both the C-ROM and R-ROM. To assess ROM perfor-
mance, we examine the average L? projection errors, the
evolution of the kinetic energy, the average L? kinetic
energy errors, Pareto plots, and the vortex shedding fre-
quency.

3.1 Consistency and ROM Projection Errors

We define the following metrics:

1

M
Evons 1= M/; closure(aEgM’k) — ansatz(a, ") 2
(15)
| M L
éaproj = M Z uL(tk) - Z (”FOM(tk)a (Pi)LZ 9, )
k=1 i=1 12
(16)

where &.ons measures the discrepancy between the clo-
sure term and its approximation, and &p; denotes the
ROM projection error.

In Table 1, we list the average L> consistency er-
ror (15). The R-ROM consistently yields lower con-
sistency errors than C-ROM, with an overall decaying
trend despite non-monotone behavior due to the sensi-
tivity of (11). In Table 2, we list the average L> ROM
projection errors. Both C-ROM and R-ROM signifi-
cantly outperform G-ROM, with R-ROM consistently
achieving better accuracy overall.

L | C-ROM R-ROM
2 | 2.28e-01 2.59¢-02
5 1.49e+00 1.72e-02
8 | 4.01e-01 1.22e-04
11 | 1.35e+00 1.27e-08
14 | 2.46e-01 1.29¢e-02
20 | 1.43e-01 2.34e-03
2210 0

Table 1: Average L> FOM consistency error (15) for C-ROM
and R-ROM across different values of L.

L | G-ROM C-ROM R-ROM
2 | 1.15e+00 4.11e-01 3.59¢-01
3 | 9.22e-01 5.51e-01 6.16e-02
4 | 7.21e-01 1.98e-01 1.18e-01
5 | 7.28e-01 5.81e-01 3.11e-01
6 | 3.54e-01 1.48e-01 4.36e-02
7 | 3.02e-01 2.81e-01 5.29e-02
8 | 1.59e-01 9.44e-02 2.53e-02

Table 2: Average L? ROM projection errors (16) for different
values of L.

In Figure 1, we present a Pareto plot comparing
C-ROM and R-ROM in terms of average L’ error
and offline ansatz computational cost, averaged over
low-dimensional (L = 2,3,4,5) and higher-dimensional
(L=6,7,8) ROMs.

For low-dimensional ROMs, R-ROM yields higher
accuracy than C-ROM at a higher computational cost.
For higher-dimensional ROMs, R-ROM is both more
accurate and more efficient than C-ROM.

Pareto Plot
8'%0345 )
-'__; ﬁ.?.B 52'3'4':‘
< 107 B6.7.8 < C-ROM BR-ROM
0.8 0.85 0.9 0.95 1 1.05 1.1

Average Offline Ansatz Cost [5]

Figure 1: Pareto plot of average L? error of C-ROM and
R-ROM.
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3.2 Kinetic Energy

In this section, we use the kinetic energy (KE) crite-
rion to compare the numerical accuracy of G-ROM, C-
ROM, and R-ROM, where the KE is defined as follows:

1 1
Epin := 5”“”%2 = §/Q|“\2d9~ (17)

In Figure 2, we compare the KE evolution of C-ROM
and R-ROM for L = 6. R-ROM is significantly more
accurate than C-ROM.

Kinetic Encrgy (L=f)
09 =,

08

—FOM —G-ROM —C-ROM —R-ROM

‘3 B.5 10
I

Figure 2: Time evolution of the kinetic energy for ROMs.

3.3 Vortex Shedding Frequency

In this section, we compute the average vortex shed-
ding frequency f; of C-ROM, R-ROM, and FOM based
on the vortex shedding period .7, which is defined as
follows:

Ny
To= L (k1) — (k). (18)
N &

where f,(k) denotes successive KE peaks within 7 €
[18,23]. In Figure 3, R-ROM more accurately recovers
the FOM vortex shedding periods than C-ROM, and the
KE peak amplitudes in C-ROM are noticeably higher
than in R-ROM.

We observe that R-ROM more accurately recovers
the vortex shedding periods of the FOM than C-ROM.
Furthermore, the amplitudes of the KE peaks in C-ROM
are noticeably higher than those in R-ROM.

Consecutive Kinetic Energy Peaks (L=0)

*FOM <« C-ROM »R-ROM = 4
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Figure 3: Comparison of vortex shedding frequency for FOM,

C-ROM, and R-ROM.
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Publication Remark. This work is an improved ver-
sion of our MATHMOD 2025 conference contribution
[1], closely related to [2]. Compared to [1], we include
three additional results: (i) a consistency analysis of the
ansatz operators; (ii) a Pareto plot comparing accuracy
and computational cost; and (iii) a vortex shedding fre-
quency analysis. Note that, unlike [2], absolute errors
are reported throughout. For a comprehensive treat-
ment including the R2-ROM variant and additional test
cases, we refeer to [2].




