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Abstract. In this work, we propose a novel resid-
ual based data driven closure strategy for reduced-
order models (ROMs) of under-resolved, convection-
dominated flows. The proposed closure model is de-
veloped within a variational multiscale (VMS) framework,
leveraging available full order model (FOM) data and an
ansatz that explicitly depends on the ROM residual. We
emphasize that this approach is fundamentally different
from existing data driven ROM closure models, which
typically rely on the ROM coefficients as inputs. In con-
trast, the proposed residual based method utilizes the
ROM residual to account for the effects of unresolved
scales. We assess the performance of the proposed
residual-based data-driven VMS-ROM in the numerical
simulation of two-dimensional flow past a cylinder at
Reynolds number Re = 1000. The results demonstrate
that the proposed method yields significantly improved
accuracy compared to standard coefficient based data
driven VMS-ROM approaches.

Introduction

We consider the Navier-Stokes equations (NSE) (1)-(2)

as the mathematical model:

∂u
∂ t

−Re−1Δu+u ·∇u+∇p = 0, (1)

∇ ·u = 0, (2)

where u denotes the velocity field, p the pressure,

and Re the Reynolds number. Homogeneous Dirichlet

boundary conditions are imposed.

To construct reduced order models (ROMs), we use

the proper orthogonal decomposition (POD) to generate

the ROM basis functions and associated operators. Ow-

ing to the orthogonality of the POD modes, the ROM

space can be decomposed into large-scale and sub-scale

components:

Xd = XL ⊕XS, (3)

where

Xd := span{ϕ1, . . . ,ϕd},
XL := span{ϕ1, . . . ,ϕL},
XS := span{ϕL+1, . . . ,ϕd}.

Using all d modes, the ROM approximation

ud =
d

∑
j=1

(ad) j ϕ j (4)

provides the most accurate representation of the full or-

der model (FOM) solution in the POD sense.

For laminar flows, a low dimensional approximation

uL, with L � d, is typically sufficient to accurately rep-

resent the FOM solution. In this regime, the standard

Galerkin ROM (G-ROM) is given by

ȧL = ALL aL +a�L BLLL aL, (5)

where (ALL)i j =−ν(∇ϕ i,∇ϕ j), (BLLL)i jk =−(ϕ i,ϕ j ·
∇ϕk), for all i, j,k = 1, . . . ,L.

The G-ROM system (5) is derived by substituting uL
into the NSE (1)-(2) and projecting the resulting equa-

tions onto the large-scale ROM space XL.
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However, for turbulent flows, the low dimensional

G-ROM solution uL is generally insufficient to accu-

rately approximate the FOM solution. To alleviate this

inaccurate behavior, standard ROMs are typically aug-

mented with numerical stabilization techniques or ROM

closure models, which aim to account for the effects of

unresolved scales [2, 3, 4, 5, 6].

1 ROM Closure Models

ROM closure modeling aims to approximate the closure

term arising in a variational multiscale (VMS) frame-

work [2, 3]. To construct this closure term, we first de-

compose the most accurate ROM solution ud into large

and sub-scale components:

uL :=
L

∑
j=1

(aL) j ϕ j, uS :=
d

∑
j=L+1

(aS) j ϕ j. (6)

Next, we derive the governing equations for the

large and sub-scales. To this end, we substitute u =
ud = uL + uS into (1)–(2) and project the resulting sys-

tem onto the ROM spaces XL and XS, respectively. This

yields the following coupled system:

ȧL = ALLaL +ALSaS +a�L BLLLaL +a�L BLLSaS

+a�S BLSLaL +a�S BLSSaS, (7a)

ȧS = ASSaS +ASLaL +a�S BSSSaS +a�S BSSLaL

+a�L BSLSaS +a�L BSLLaL. (7b)

Here, the matrices AIJ and tensors BIJK , with indices

I,J,K ∈ {L,S}, are defined by

(AIJ)i j :=−Re−1(∇ϕ I
i ,∇ϕJ

j),

(BIJK)i jk :=−(ϕ I
i ,ϕ

J
j ·∇ϕK

k ),

where ϕL := {ϕ1, . . . ,ϕL} and ϕS := {ϕL+1, . . . ,ϕd}
denote the large-scale and sub-scale ROM basis func-

tions, respectively. The subscript indices I,J,K indicate

which ROM subspace each basis function belongs to,

making the coupling structure between large and sub-

scales explicit.

In this work, we consider two distinct ROM closure

strategies, leading to two different models: the coeffi-
cient based data driven variational multiscale ROM (C-

ROM) and the residual based data driven variational
multiscale ROM (R-ROM).

2 Basis of ROM Closure Models

2.1 Coefficient based ROM (C-ROM)

The coefficient-based ROM, C-ROM, [2, 3] is derived

from the large-scale equation (7a) by introducing a clo-

sure model and a corresponding ansatz. Since the clo-
sure term is not available in closed form, we approxi-

mate it using a quadratic, coefficient-based ansatz that

depends on the large-scale coefficients aL:

closure = ALSaS +a�L BLLSaS +a�S BLSLaL +a�S BLSSaS,

ansatz = ÃLL aL +a�L B̃LLL aL. (8)

2.2 Residual based ROM (R-ROM)

In the proposed residual-based ROM, R-ROM, the clo-

sure modeling is constructed using information from

the sub-scale equation (7b). In this case, the closure
term and the corresponding residual-based ansatz are

defined as:

closure = aS,

ansatz = ÃSS ResS(aL)+ResS(aL)
� B̃SSS ResS(aL),

(9)

where the sub-scale residual is given by

ResS(aL) := ASLaL +a�L BSLLaL. (10)

2.3 Minimization Problem: Optimal Data
Driven Operators

To identify the unknown operators ÃLL, ÃSS, B̃LLL, and

B̃SSS, we employ a data-driven (D2) approach [2, 3].

These operators are obtained by solving the following

least-squares minimization problem:

min
D2 operators

M

∑
j=1

∥∥closure(aFOM
j )−ansatz(aFOM

j )
∥∥2

L2 .

(11)

Using the respective closure terms and ansatz for

the C-ROM and R-ROM, we solve (11) to obtain the

corresponding D2 operators. Substituting the resulting

ansatz into the large-scale equation (7a), the C-ROM

reads

ȧL =
(

ALL + ÃLL

)
aL +a�L

(
BLLL + B̃LLL

)
aL, (12)
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while the R-ROM is given by

ȧL = ALL aL +a�L BLLL aL +ALS ãS +a�L BLLS ãS

+ ã�S BLSL aL + ã�S BLSS ãS, (13)

where the approximated sub-scale coefficients are com-

puted as

ãS := ÃSS ResS(aL)+ResS(aL)
� B̃SSS ResS(aL). (14)

3 Numerical Results

We investigate the numerical accuracy of the G-ROM,

C-ROM, and R-ROM for 2D channel flow past a cir-

cular cylinder at Re = 1000 in the predictive regime:

the ROM basis and operators are built from FOM snap-

shots over t ∈ [13,16], the data-driven operators are

trained over t ∈ [13,13.134], and all ROMs are tested

over t ∈ [16,23], with d = 22.

In addition to the ROM accuracy, we investigate the

consistency between the closure term and the ansatz for

both the C-ROM and R-ROM. To assess ROM perfor-

mance, we examine the average L2 projection errors, the

evolution of the kinetic energy, the average L2 kinetic

energy errors, Pareto plots, and the vortex shedding fre-

quency.

3.1 Consistency and ROM Projection Errors

We define the following metrics:

Econs :=
1

M

M

∑
k=1

∥∥∥closure(aFOM,k
L,S )−ansatz(aFOM,k

L )
∥∥∥

L2
,

(15)

Eproj :=
1

M

M

∑
k=1

∥∥∥∥∥uL(tk)−
L

∑
i=1

(
uFOM(tk),ϕ i

)
L2ϕ i

∥∥∥∥∥
L2

,

(16)

where Econs measures the discrepancy between the clo-

sure term and its approximation, and Eproj denotes the

ROM projection error.

In Table 1, we list the average L2 consistency er-

ror (15). The R-ROM consistently yields lower con-

sistency errors than C-ROM, with an overall decaying

trend despite non-monotone behavior due to the sensi-

tivity of (11). In Table 2, we list the average L2 ROM

projection errors. Both C-ROM and R-ROM signifi-

cantly outperform G-ROM, with R-ROM consistently

achieving better accuracy overall.

L C-ROM R-ROM

2 2.28e-01 2.59e-02

5 1.49e+00 1.72e-02

8 4.01e-01 1.22e-04

11 1.35e+00 1.27e-08

14 2.46e-01 1.29e-02

20 1.43e-01 2.34e-03

22 0 0

: Average L2 FOM consistency error (15) for C-ROM
and R-ROM across different values of L.

L G-ROM C-ROM R-ROM

2 1.15e+00 4.11e-01 3.59e-01

3 9.22e-01 5.51e-01 6.16e-02

4 7.21e-01 1.98e-01 1.18e-01

5 7.28e-01 5.81e-01 3.11e-01

6 3.54e-01 1.48e-01 4.36e-02

7 3.02e-01 2.81e-01 5.29e-02

8 1.59e-01 9.44e-02 2.53e-02

Average L2 ROM projection errors (16) for different
values of L.

In Figure 1, we present a Pareto plot comparing

C-ROM and R-ROM in terms of average L2 error

and offline ansatz computational cost, averaged over

low-dimensional (L = 2,3,4,5) and higher-dimensional

(L = 6,7,8) ROMs.

For low-dimensional ROMs, R-ROM yields higher

accuracy than C-ROM at a higher computational cost.

For higher-dimensional ROMs, R-ROM is both more

accurate and more efficient than C-ROM.

Pareto plot of average L2 error of C-ROM and
R-ROM.
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3.2 Kinetic Energy

In this section, we use the kinetic energy (KE) crite-

rion to compare the numerical accuracy of G-ROM, C-

ROM, and R-ROM, where the KE is defined as follows:

Ekin :=
1

2
‖u‖2

L2 =
1

2

∫
Ω
|u|2 dΩ. (17)

In Figure 2, we compare the KE evolution of C-ROM

and R-ROM for L = 6. R-ROM is significantly more

accurate than C-ROM.

Time evolution of the kinetic energy for ROMs.

3.3 Vortex Shedding Frequency

In this section, we compute the average vortex shed-

ding frequency fs of C-ROM, R-ROM, and FOM based

on the vortex shedding period Ts, which is defined as

follows:

Ts =
1

Ns

Ns

∑
k=1

(ts(k+1)− ts(k)), (18)

where ts(k) denotes successive KE peaks within t ∈
[18,23]. In Figure 3, R-ROM more accurately recovers

the FOM vortex shedding periods than C-ROM, and the

KE peak amplitudes in C-ROM are noticeably higher

than in R-ROM.

We observe that R-ROM more accurately recovers

the vortex shedding periods of the FOM than C-ROM.

Furthermore, the amplitudes of the KE peaks in C-ROM

are noticeably higher than those in R-ROM.

: Comparison of vortex shedding frequency for FOM,
C-ROM, and R-ROM.
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