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This paper presents a method for modeling and simulation of particular class of manufacturing systems. The 
method is based on so called Machine-Job Incidence Matrix (MJI) that is formed from Steward sequencing 
matrix and Kusiak machine-part incidence matrix. A model of the system in a form of MJI matrix is easy to 
comprehend. It can be put in direct relation with other manufacturing systems analysis tools, such as Petri 
nets and MS matrix model. Moreover, structural properties of MJI matrix offer direct insight in the system 
configuration, hence, providing a ground for the system analysis and supervisory controller design. Proper-
ties, such as circular waits and conflicts, can be determined straightforwardly by using simple matrix manip-
ulations, thus, allowing design of sequencing control algorithms. An extension of MJI matrix in time domain 
offers a foundation for determination of recursive equation that can be used for simulation of system’s dy-
namics. Although manufacturing systems have been used for validation of the proposed modeling technique, 
the method can be applied on other discrete event systems as well. 

Introduction 
Using today’s classification of systems, manufactur-
ing systems (MSs) can be treated as hybrid systems 
that contain a mixture of various dynamic behav-
iors—continuous and discrete control loops, Boolean 
variables related to process states, and discrete 
events, all embraced by a usually hierarchical deci-
sion-making overhead. 

This means that an MS structure contains both hard 
and soft technology, first focused on the product 
fabrication, assembly and distribution, while later the 
focus is on the support and coordination of manufac-
turing operations. The MS’s hard technology is split 
into several levels – from the factory level via the 
operating center, workcell and robotic station levels 
to a particular manufacturing process level. The ac-
companying soft technology is also split into several 
levels – from the highest strategy level, via lower 
planning, supervisory, and manipulating levels to the 
basic manufacturing task level. 

Today, simulation models provide a very inexpensive 
and convenient way for complete factory design. 
Instead of building real systems, a designer first 
builds new factory layouts and defines resource con-
figurations in the virtual environment and refines 
them without actual production of physical proto-
types. Allowing clear understanding of all potential 
problems caused by the factory layout and/or dis-
patching strategy, modeling and dynamic simulation 
of manufacturing processes has traced a completely 

new route to analysis and design of MSs [1–3]. Simu-
lation of robotized manufacturing systems has be-
come much easier and more effective with specialized 
programs for virtual-factory modeling and simulation. 
Many virtual-factory simulators have origin in the 
academia [4–8]. Each of these tools has a mathemati-
cal core in a form of an algorithm used to describe 
dynamic behavior of MS elements. In this paper we 
exploit so called machine-job incidence matrix (MJI) 
for purpose of deriving such an algorithm. 

The paper is organized in the following way. In the 
next section, we describe construction of MJI matrix, 
which is based on two well-known matrices: resource 
requirements matrix [9], also known as machine-part 
incidence matrix (MPI), and Steward sequencing 
matrix [10], also referred as design structure matrix 
(DSM). In Section 1 an extension of MJI to design of 
MS recursive simulation model is given, followed by 
illustrative example. In Section 2 the recursive math-
ematical model of free choice multiple reentrant flow-
lines (FMRF) is presented in detail. We consider 
FMRF systems with multiple flowlines, where re-
sources can hold an arbitrary number of parts simul-
taneously (k-limited systems). In Sections 2.5 and 2.6 
a mathematical framework that allows testing of 
various control policies during the system simulation 
is presented. The recursive model forms the basis of 
the developed system simulator, which is presented in 
Section 3. We conclude the paper with final remarks 
and an outline for future work. 
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As we can see from the example, matrices that de-
scribe the system are MRF system matrices since they 
contain no multiple ‘1’ in rows. 

Given the basic idea behind the development of the 
FMRF system model, the general recursive procedure 
is given as: 

Algorithm. Input: FMRF system’s MJI matrix, Job 
routing strategy. 

In each discrete event iteration step  do: 
1. Determine  – MJI matrix of MRF system sub-

stitution, from the system state in step ( ) 
and the given routing strategy 

2. Calculate the system state in step  based on 
MRF model ( ) 

2.2 Basic recursive model of MRF system 
The basic recursive model is developed for MRF 
system with the following properties: each resource 
can hold maximally one part at a time and there is 
one sample of each resource in the resource pool. 
Hence, each job or resource, seen as a place in Petri-
net formalism, can contain maximally one token. 
Further, a system is autonomous, thus, a part can 
enter the system each time the resource assigned to 
the input operation is available. In other words, input 
buffers always contain parts waiting to be processed. 

First, we define the following notation for the rest of 
the chapter:  denotes the value of vector  in 
discrete step , while  denotes the value of the 
-th element of the vector  in discrete step . The 

system MJI matrix is denoted as . 

Definition 1 (completed jobs vector) 
The completed jobs vector , is a column vector 
with dimension equal to the number of jobs in the 
system.  if -th job is completed, otherwise 

. 

Definition 2 (idle resource vector) 
The idle resource vector , is a column vector with 
dimension equal to the number of resources in the 
system.  if the -th resource is available, oth-
erwise . 

The state of the system is completely described by the 
values of completed jobs and idle resources vector. 
The relation between vector  and vector  is: 

  (1) 

Besides these two vectors, we define an auxiliary 
vector  with dimension equal to the number of jobs, 
whose -th element, , is equal to ‘ ’ if resource 
assigned to job  is available. Vector  is determined 
as follows: 

  (2) 

The operations on matrices are defined in an and/or 
algebra, denoted  and , where standard multiplica-
tion is replaced by logical and and standard addition 
by logical or. Given a natural number , its negation 

 is such that  if , otherwise . 

In general, the completed jobs vector  is determined 
as follows: 
  (3) 

Given a certain job ,  equals the difference 
between the number of parts the job  starts pro-
cessing  and the number of parts released by 
the job  in discrete event iteration step , denoted by 

: 
  (4) 

The job  can start processing a part in step  if the 
previous job in line, -th job, is completed and 
if the assigned resource is available: 
  (5) 

The job  can release a part it holds in step , if it is 
completed and if the resource assigned to the next job 
in line, -th job, is available: 
  (6) 

Definition 3 (vector shift) 
Let  be a vector in , . Vector , 
which is a result of upwards ( ) or downwards 
( ) vector shift operation, denoted , 
is calculated as: 

 

Using vector shift operation, the overall change in value 
of completed jobs vector  can then be written as: 

  
  v  (7) 

  v  

A recursive mathematical model is obtained by com-
bining equations (1 – 7) and it can be written in the 
following form 
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  (8) 

where “ ” denotes element-wise product of two vectors. 

2.3 Recursive model of -limited MRF systems 
In general, MRF systems include resources that can 
hold more than one part simultaneously. These systems 
are called k-limited systems, where  denotes the 
maximum number of parts a single resource can hold at a 
time. The previously considered systems were 1-limited. 

For -limited systems, elements of vectors  and  
can obtain values from zero to the maximum number 
of parts that the corresponding resource can hold – . 
That is, if , completed jobs and idle resources 
vectors comprise integer values unlike binary values 
for . 

If the resource  does not perform any job, the value 
of  corresponds to the maximum number of parts 
that resource  can hold. Each time a resource  starts 
processing a part, the value of  is decremented until 
it reaches zero, i.e. for  the resource is not 
available. We can see that the same reasoning was 
made for 1-limited systems. We introduce a new 
vector, , with dimension equal to the number of 
resources, with equal to the maximal number 
of parts resource  can hold. 

Further, although vectors  and  can obtain integer 
values for -limited systems, vectors  and 

 should nevertheless be binary vectors. One can 
obtain a binary  value that corresponds to an 
integer value  by doing a double negation 
on integer number. Thus, the model that describes -
limited systems is structurally the same as model (8), 
with vectors  and  double negated. The 
model can be written as: 

  

   

   

  (9) 

2.4 Recursive model of MRF system with more 
than one flowline 

The models introduced so far are valid for systems 
with a single flowline. If the system embraces more 

than one flowline, the previous models should be 
modified. First, to construct an MJI matrix of such 
system, we separate different flowlines with zero 
rows. This is convenient since in (F)MRF systems, at 
least one resource is assigned to each job, hence, zero 
rows cannot appear in any other place in matrix MJI. 
MJI matrix and vectors  and  are then constructed 
as follows: 

   

If vectors  and  would be included in the previous-
ly given models, the results would be inaccurate due 
to inserted zeros. To neutralize the influence of these 
zeros in vectors  and  we introduce an auxiliary 
vector, : 

  (10) 

where  is a column vector with dimension m that 
is filled with ' 's. According to equation (10), auxilia-
ry vector  element is zero if it corresponds to zero 
row in MJI, otherwise it is one. If we denote with “ ” 
element-wise logical or operation, the recursive mod-
el for systems with more than one flowline can be 
written as: 
  
  
   
   
  
  (11) 

From equation (10) an attentive reader can conclude 
that auxiliary vector enables correct implementation 
of parts input and output jobs. 

It should be noted that vector shift operation (Defini-
tion 3) need to be performed separately on each sub-
vector, i.e. 

 . 
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2.5 Conflict resolution in recursive model of 
MRF system 

In case two or more jobs, assigned to a single re-
source, can be started in the same step , the system 
designer should define which of them should be per-
formed. This kind of situation is called a conflict. 
From the mathematical point of view, conflict devel-
ops when more than one element of vector  that 
corresponds to a single resource is equal to ‘1’. Con-
flict is solved, depending on the resource dispatching 
strategy, in such a way that jobs of lower priority are 
forbidden i.e. the corresponding elements of  
are set to zero. The mathematical approach to conflict 
resolution is analogous to the one described in [11]. 

Let us define the following: 

Definition 4 (conflict jobs vector) 
The conflict jobs vector  comprises information 
on the jobs performed by shared resources.  
if job  is done by a shared resource, otherwise 

. The vector dimension equals the total 
number of jobs in the system. If a shared resource 
vector is denoted as  (  if -th resource is 
shared, otherwise ), vector  can be deter-
mined as follows: 
  (12) 

Definition 5 (dispatching matrix) 
The dispatching matrix  is determined from the 
conflict jobs vector  as follows: 

  (13) 

Definition 6 (dispatching vector) 
The dispatching vector  is a column vector with 
dimension equal to the number of conflict jobs in 
the system. If job  is of the highest priority among 
conflict jobs, , otherwise . The prior-
ities of jobs depend on the applied conflict resolu-
tion strategy. 

As we said earlier, in case of the conflict, the jobs of 
lower priority should be forbidden, hence, corre-
sponding element of vector  should be set to 
zero. Recursive matrix model for the system with 
conflict resolution is: 
  
   

   

  
  (14) 

The model in form of (14) is suited only for 1-limited 
systems.  

To define a conflict resolution for -limited systems, 
the element  needs to be included in the ex-
pression for . Conflict resolution model for -
limited systems is then given as: 

  

   

   

   

  (15) 

Since vector  is filled with ones for 1-limited 
systems, model (15) is suitable both for 1-limited and 

-limited systems with . If one wants to apply 
the same procedure for -limited systems with more 
than one flowline, the auxiliary vector  should be 
included in model (15) as well: 

 aux s  
  

  aux v d d 

  v aux  
  cap s

T  

 v s  (16) 

The model (16), with properly determined associated 
vectors d, cap, aux, comprises all previously con-
sidered system models: (8), (9), (11) and (15) and is 
therefore the most suitable for implementation. 

2.6 Recursive model of FMRF system 

As we stated earlier, the idea behind determination of 
the model of FMRF system is that, having a dispatch-
ing strategy, FMRF system can be represented as 
corresponding MRF system in each discrete event 
iteration step .  

The MJI matrix , which is an MRF substitute of the 
FMRF system in step k, depends on the applied strat-
egy. 
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